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ABSTRACT :

rational mappings.

There are several Theorems are prove in L-space, using various type of mappings.
we prove some fixed point theorem and common fixed point.

In this paper,

Theorems, in L-space using different, symmetric
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I. INTRODUCTION

It was shown by S. Kasahara [13] in 1976, that several
known generalization of the Banach Contraction Theorem
can be derived easily from a Fixed Point Theorem in an
L-space. Iseki [10] has used the fundamental idea of
Kasahara to investigate the generalization of some known
Fixed Point Theorem in L-space.

Let N be the set of natural numbers and X be a
nonempty set. Then L-space is defined to be the pair
(X, =) of the set X and a subset — of the set XN x X,
satisfying the following conditions:

L,—ifx = xe X foral neN,then ({X.},cn.X) e~

Ly —if ({ X)) nen» X) €=, then ({ X, }icn

For every subsequence {Xy}ien OF {X))nen

In what follows instead of writing ({X,),cn:X) €—,We
write {X,),.ny = X Or X — x and read {X},. COnverges
to x. Further we give some definitions regarding L-space.

Definition 1. Let (X, —) be an L-space. It is said to
be ‘separated’ if each sequence in X converges to at most
one point of X.

Definition 2. A mapping f on (X, —) into an L-space
(X", =')is said to be 'continuous’ if x — x implies
f(x) =" f(x) for some subsequence {X,)icn for {X,)nen-

Definition 3. Let d- be a non negative extended real
valued function on X x X: 0<d(x,y) <oo; for al x,ye X.
The L-space is said to be d- complete if each sequence

{X}nen iN X with 3" d(%,%,;) < converges to the
atmost one point of X.

In this context Kasahara S. proved a lemma, which as
follows:
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Lemma (S. Kasahara):

Let (X, =) be an L-space which is d- complete for a
non negative real valued function d on X x X. If (X, -) is
Sseparated then:

d(x, y) = d(y, X) = 0 implies, x =y for al x,ye X

During the past few years many great mathematicians
Yeh [19], Singh [18], Pathak and Dubey [14], Sharma and
Agrawa [17], Patel, Sahu and Sao [15], Patel and Patel [16],
worked for L-space. In this chapter, we similar investigation
for the study of Fixed Point Theorems in L-space are worked
out. We find some more Fixed Point Theorem and Common
Fixed Point Theorem in L-sapce.

Theorem 1

Let (X, —>) be a separated L-space, which isd- complete
for a non negative real valued function d on X x X with
dix, X) = 0, for each x in X. Let E, F and T be three

continuous self mapping of X into itself, satisfying the
following condition:

1c, 1 E(X)cT(X)

1

and F(X)cT(X), ET- TE, FT= TF

1c.: d(Ex,Fy) <a { d(Tx, Ty}{d(Tx, Ex) + d(Ty, Fy)} }

d(Tx, Fy) +d(Ty, EX)
+Bld(Tx, Ex) +d(Ty, Fy)]
+y[d(Tx, Fy) +d(Ty, EX)] +8.d(Tx, Ty)
For al x, y in X, where non negative o, B, vy, 6 such

that 0< o+ P +y+36<1 with Tx=Ty. Then E, F, T have
unique common fixed point.
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Pr oof:

Let %, € X,since E(X) c T(X)we can choose a point
Ex, aso F(X)cT(X),we can
In genera we can choose the

% € X,such that Tx, =
choose x, € X such that

point:
TX,,.,, = EX,, .. (L1
TX,., = FX,., .. (1.2
Now consider,
d(Mn.1: Tons2) = d(BXon, FXon,)
From Ic,

4Ty Py ) < 0 { d(Ton,){d (Mo, ExXon) + A (T, szm)}}
d(TXan: FXon.1) + d(TXan,1, EXop)

+B[d (TXan, EXon) + d(TXon11, FXons1)]
+Y[d(T%on, FXon41) + d(TXon.1, EXop)]
+6-d G-XvaTXZnJrl)

(T 1 T ) < a[d (T, TXan (A (TXan, TXon11) + 0 (Xan,1, TXon,2)} }
d (TXZn rTX2n+2) +d (TX2n+1’TX2n)

+B[d (TXZn ’ TX2n+l) +d (TX2n+l'TX2n+2)]
+Y[d (TXZn ’ TX2n+2) +d (TX2n+l'TX2n+l)]
+3.d (TXZn 'TX2n+l)

d(Mns1: TXons2) < {W

}-d (TXon, TXon41)

d(MXn115 TXons2) < Ad(TXan, TXon1)
oa+pB+y+0 .

4= { 1-B-vy }l

Forn=1,23, ......

Whether,

Similarly, we have

where

d(MXn,1, T%on,2) =0 OF not

d(Mon,1, TXons2) < G".d(TXo, Tx)
For every positive integer n, this means that,

zzod(sznl-Tinz) <

Thus the d- completeness of the space implies that,

the sequence (T"x,),.y CONvVerges to some u in
(1.1) and (1.2):

. S0 by

{E"%o}nen @Nd {F"x5} .y @S0 converges to the some
point u, respectively.

Since E, F, T are continuous, there is a subsequence t
of {T"Xg}nen Such that:

E[T(®)] - E(u), TIE®)] - T(u), F[T()] - F(u),
TIF@{)] > T(u)

By (1c,) we have, E(u) = F(u) = T(u)
Thus, we can write

T(Tu) = T(Eu) = E(Tu) = E(Eu) = E(Fu) = T(Fu) = F(Tu)
= F(Eu) = F(Fu) .. (1.9

By 1c,, (1.3) and (1.4) we have, if E(u) # F(Eu)

.. (L.3)

d[Tu, T (Eu)][d(Tu, Eu) + d{T (Eu), F (Eu)}]

d[Eu, F(Eu)] <a
d[Tu, F(Eu)] + d[T(Eu), Eu]

+B[d(Tu, Eu) + d{T (Eu), F (Eu)}]

+y[d{Tu, F(Eu)} + d{ T (Eu), Eu}]

+3.d[Tu, T (Eu)]

d[Eu,F(Eu) < (B+vy+9),d[Eu, F(Eu)]
Thus we get a contradiction,
Hence Eu = F(Eu)
From (1.4) and (1.5) we have

Eu = F(Eu) = T(Eu) = E(Eu)
Hence Eu is a common fixed point of E, F and T.
Unigqueness:

Let v is another fixed point of E, F and T different
from u, then by 1c, we have:

d(u, v) = d(Eu, Fv)

.. (L5)

d(Tu, Tv){d(Tu, Eu) + d(Tv, Fv)}

d(Eu,Fv) <a
d(Tu, Fv) +d(Tv, Eu)

+B[d(Tu, Eu) + d(Tv, Fv)]
+y[d(Tu, Fv) + d(Tv, Eu)]
+8.d(Tu,Tv)

d(u,v) <(2y +8).d(u,v)
Which contradiction.
Therefore u is unique fixed point of E, Fand T in X.
Remark:

I. If weputa=p=y=0then we get result of
Jungck [11] in Lspace.

. If we put o =y = & = 0 then we get the result of
Kannan [12] in L-space.

. If we put oo = vy
Chatterjee [5] in L-space.

Theorem 2

0 then we get the result of

Let (X, —>) be a separated L-space, which is d- complete
for a non Negative real valued function d on X x X with
dx, X) = 0, for each x in X. Let E, F and T be three
continuous self mapping of X into itselt, satisfying the
following condition:

2c; E(X) = T(X) and F(X)cT(X)
ET=TE FT=TF

d(Tx, Ty)[d(TXE"X) + d(TyFy)]
d(TxF®y) +d(TyE" x)

202: d(E"x, F3y) <c
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+B[d(Tx, E"x) + d(Ty, F3y)]
+y[d(Tx, FSy) +d(Ty,E"X)]
+8.d(Tx, Ty)

For al x, y in X, where non negative o, B, vy, 6 such
that 0<a+ P +y+ 5 <1with Tx=Ty. If some positive
integers r, s exists such that E', F* and T are continuous.
Then E, F, T have unique common fixed point.

Pr oof:

We have
E(X)cT(X)and F(X)cT(X)
ET=TE, FT=TF

It follows that:

E'(X)c T(X) and FS(X)cT(X)
ET=TE, FT=TF

By theorem (1) , there is a unique fixed point in X
such that,

u=Tu=Eu=Fu .. (2.1)
i.e u is the unique fixed point of T, E" and F*
Now T(Eu) = E(Tu) = Eu = E(E'u) = E'(EU) ... (2.2
And T(Fu) = F(Tu) = Fu = F(Fu) = F(Fu) ... (2.3)

Hence it follows that Eu is a common fixed point of E
and T, similarly is Fu a common fixed point of T and Fsin
X. The uniqueness of u from (2.1), (2.2) and (2.3) implies
that:

u=Eu=Fu=Tu
This complete the proof of the theorem.
Remark:
(i) If r = s=1 then we get Theorem 1.
Theorem 3

Let (X, —>) be a separated L-space, which is d- complete
for a non negative real valued function d on X x X with
d(x, X) =0, for each xin X. Let A, B, Sand T be continuous
sef mapping of X into itself, satisfying the following
condition:

3,  AX)cT(X) and B(X) c T(X)As=SA

BT = TB and T(X) or §X) are closed sub set of X

3, d(Ax, By) < o d(Sx, Ty) + B, _[d(SX, Ax),
d(Ty, By), d(Sx, By), d(Ty, AX)]

For all x, y in X, where non negative such that
O<a+p <1 then A B, S T have unique common fixed
point in X.

Pr oof:

Let x, be an arbitrary point of X, since A(X) cT(X)
we can choose the point x, and y, in X such that,

AX, =TX =y,
Also B(X) < S(X),we can choose the point x, and y,
in X such that,
Bx, =X, =y,
In general we can choose the points

TX,,, = AX, =Y, . (3.1
And S(2n+2 = B2n+1 = y2n+1 (32)
Foraln=0,1,2, ..........
Now consider,

d(yZn’ y2n+1) = d(AXZn’ BX2n+1)
From 3c,;
d(Ax,,, Bx

2n+1

B |:d(S(2n' AXZn)vd(TX2n+11 BX2n+1):|
e d (S(Zn' BX2n+1)v d(TX2n+1' AXZn)

d(yZn’ y2n+1) S o d(erH’ yzn) +

B { d(Yzn Yon-1) } i
max d(Yani1: Yan-1):d(Yan: Yoni1) .. (3.3

There arise three cases,

) < o d(Sx,, TX

2n+1) +

Case 1

If we take max is d(y,, ,, ¥,,), then (3.3) gives,
AVrs Vo) < (00 + BYA(Y,, 11 Ys)

Case 2

If we take max is d(y,.,, ¥,,), then (3.3) gives

a
d(Yans1s Yon) < ﬁd(yZn—l’ Yan)
Case 3

If we take max is d(y,,.,, ¥,, ), then (3.3) gives

o+
d(Yani1s Yon) Srgd(ﬁnla Yan)
From the above Cases 1, 2, 3, we observe that,

d(y2n+1’ yZn) < qd(erH' yZn)

_ _a o+
q= max{(owﬁ),l_ﬁ, 1p }<1

Forn=123, ...... ...
Similarly we have,

d(Yans1: Yan) < 9"d(Yo, Y1)
For every poditive integer n, this means that,
zzod(Yan- Yai) <0

Thus the completeness of the space implies that the
sequence {Y,}, .y cOnverges to the some u in X so by
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(3.1) and (3.2) the sequence {A™), {B"™}, {3}, {T%}
also converges to the some points u respectively:
Since A, B, S T are continuous, this implies

TXon1 = Aoy = Yo, > U BSN—>©

Soni2 = Bonig = Yonup > UBN >0

The pair (A, S and (B, T) are weakly compatible which
gives that, U is a common fixed point of A, B, Sand T.

Uniqueness:

Let us assume that w is another fixed point of A, B, S
T in X different form u, i.e. u=w then

Tu=Au=uand Sv=Bw=w
From 3c, we have,
d(u, w) < (a0 + B) d(u, w)
Which contradiction.
Hence u is a unique common fixed point of A, B, S T
in X.
This complete the proof of the theorem.
Theorem 4

Let (X, —>) be a separated L-space, which is d- complete
for a non negative real valued function d on
X x X with d(x, X) =0, for each x in X.

Let E, F and T be three continuous self mapping of X
into itself, satisfying the following condition:

4c;: E(X)=T(X) and F(X)=T(X)
ET=TE FT=TF
4c; {d(Ex, Fy)}? < ad(Tx EX)d(Ty, Fy)

+3d(Tx, Fy)d(Ty, Ex)
+yd(Tx, EX)d(Ex, Ty) + 8d (Tx, Ty)d(Ty, Fy)

For al x, y in X, where non negative o, B, y, 6 such
that 0< o+ B +vy+6<1 with Tx=Ty then E, F, T have
unique common fixed point.

Pr oof:

Let x, e X,since E(X)cT(X) we can choose a
pointx, € X, such that Tx, = Ex,, also F(X)cT(X), we
can choose x, € X such that Tx, = Fx,.

In general we can choose the point:

TXon41 = EXopn .. (4.

T2 = FXonsa .. (4.2)

For every ne N, we have

[d O—XZn+lvTX2n+2)]2 = [d(Bxzn, FXan.1)] 2
From 5c,
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[d(ExXan, FXon,1)]? < d(TXon, EXon ) (TXons1, FXon, 1)
+HB(A (Mg, FXon,1)d(TXon, 1, EXop)
+7d(TXon, BXon ) d (EXoq TXon1)
+80 (Txon , TXon,1) d(TXon. 1, FXon,1)

[d(Mnst, Tons2)]” < ad(TXon, TXon,1)d (TXon1, TXons 2)
+HBA (X0, T, 2)d (TXpn,1, TXon1)
+7d (T, TXon,1) d(TXon.1, TXon1)
+80 (T, TXon,1) A (TXon,1, TXon, 2)
Ad(MXoni1, TXoni2) < (0 + 8)d (TXo, TXop,1)
Forn=1, 2, 3,
Whether
Similarly, we have

d(rX2n+lvTX2n+2) =0 or not

d(Ton.1, TXon2) < (a0 +8)"d(Txg, Tx)
For every positive integer n, this means that,

zzod(sznl-Tinz) <
Thus the d- completeness of the space implies that,
the sequence {T"x,},.y Converges to some u by (4.1) and
4.2:
{E"%o}nen @Nd {F"x5} .y @S0 convergesto the some
point respectively.
Since E, F, T are continuous, there is a subsequence t
of {T "X}y SUch that,
E[T ()] > E(u), T[E(t)] > T(u)
FIT®)] — F(u), T[F({)] > T(u)
By (4c)) we have,
E(u) = F(u) = T(u) .. (4.3
Thus,
T(Tu) = T(Eu) = E(Tu) = E(Eu) = E(Fu)
= T(Fu) = F(Tu) = F(Eu) = F(Fu) ... (4.4)
By 4c,, (4.3) and (4.4) we have,
E(u) # F(Eu)
[d{ Eu, F(Eu)}]? < ad(Tu, Eu)d[{T (Eu), F (Eu)}]
+Bd[Tu, F(Eu)]d[T(Eu), Eu]
+yd(Tu, Eu)d[Eu, T(Eu)]
+8d[Tu, T(Eu)]d[Tu, F(Eu)]

d[Eu, F(Eu)] <0
Thus we get a contradiction.
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Hence Eu = F(Eu)
From (4.4) and (4.5) we have

Eu = F(Eu) = T(Eu) = E(Eu)
Hence Eu is a common fixed point of E, F and T.

.. (4.5)

Uniqueness:
Let v is another fixed point of E, F and T different
from then by 1c, we have,
[d(u,V)]? =[d(Eu, Fv)]*
[d(Eu, FV)]? < ad(Tu, Eu)d(Tv, Fv)
+pd(Tu, Fv)d(Tv, Eu)
+yd(Tu, Eu)d(Eu,Tv)
+3(Tu, Tv)d(Tv, Fv)
d(u,v) <pd(u,v)
Which contradiction.
Therefore u is unique fixed point of E, Fand T in X.

Remarks:

(i) If we put oo =y =6 = 0 and E = F then we get the
result of Jungek [11].

(if) If we put y = & = 0 then we get the result of
Pathak and Dubey [14].

(iii) If we put y = 8 = 0 and E = F then we get the
result of Yeh [19].
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